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POSITIVITY OF ANTI-CANONICAL DIVISORS AND
F -PURITY OF FIBERS
SHO EJIRI
ABSTRACT. In this paper, we prove that given a flat generically smooth mor-
phism between smooth projective varieties with F -pure closed fibers, if the source
space is Fano, weak Fano or a variety with the nef anti-canonical divisor, then so
is the target space. We also show that relative anti-canonical divisors of generi-
cally smooth surjective nonconstant morphisms are not nef and big in arbitrary
characteristic.
1. Introduction
Let f : X → Y be a surjective morphism between smooth projective varieties
over an algebraically closed field k. Kolla´r, Miyaoka and Mori [18, Corollary 2.9]
proved that, under the assumption that f is smooth, if X is a Fano variety, that
is, −KX is ample, then so is Y . It follows from an analogous argument that, under
the same assumption, if −KX is nef, then so is −KY (cf. [21], [8, Theorem 1.1] and
[5, Corollary 3.15 (a)]). Based on these results, Yasutake asked: “what positivity
condition is passed from −KX to −KY ?” Some answers to this question are known
in characteristic 0. Fujino and Gongyo [7, Theorem 1.1] proved that, under the
assumption that f is smooth, if X is a weak Fano variety, that is, −KX is nef
and big, then so is Y . Birkar and Chen [1, Theorem 1.1] showed that, under the
same assumption, if −KX is semi-ample, then so is −KY . Furthermore, similar but
weaker results hold even if f is not smooth (but the characteristic of k is still zero).
For example, a result of Prokhorov and Shokurov [26, Lemma 2.8] (cf. [7, Corollary
3.3]) implies that if −KX is nef and big, then −KY is big. Chen and Zhang [2, Main
theorem] also proved that if −KX is nef, then −KY is pseudo-effective.
In contrast, little was known about the positive characteristic case. In this paper,
assuming that the geometric generic fiber has only F -pure or strongly F -regular
singularities, we prove that (generalizations of) the statements above hold in pos-
itive characteristic, except the one about semi-ampleness. F -purity and strong F -
regularity are mild singularities defined in terms of Frobenius splitting properties
(Definition 2.1), which have a close connection to log canonical and Kawamata log
terminal singularities, respectively.
Suppose that k is an algebraically closed field of characteristic p > 0. Let f :
X → Y be a surjective morphism between smooth projective varieties, let ∆ be an
effective Q-divisor on X which is Q-Cartier with index m, and let D be a Q-divisor
on Y which is Q-Cartier with index n. Then our main theorem is stated as follows.
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Theorem 1.1 (Theorem 4.5). Let S be a subset of Y such that the following con-
ditions hold for every y ∈ S:
(i) dimXy = dimX − dimY .
(ii) The support of ∆ does not contain any irreducible component of Xy.
(iii) (Xy,∆y) is F -pure, where y is given by Spec k(y).
If p ∤ m and −(KX + ∆ + f ∗D) is nef, then OY (−n(KY + D)) is weakly positive
over an open subset of Y containing S.
Here, weak positivity over V ⊆ Y of line bundles on Y is a property which can be
viewed as a generalization of nefness (Definition 3.1), and is equivalent to nefness if
V = Y (Remark 3.3). In Section 4, Theorem 4.5 is proved in a more general setting.
The following two theorems are corollaries of Theorem 1.1.
Theorem 1.2 (Corollary 4.9). Assume that f is flat, the support of ∆ does not
contain any component of any fiber, and that (Xy,∆y) is F -pure for every closed
point y ∈ Y .
(1) If p ∤ m and −(KX +∆+ f ∗D) is nef, then so is −(KY +D).
(2) If −(KX +∆+ f ∗D) is ample, then so is −(KY +D).
Theorem 1.3 (Corollary 4.10). Assume that (Xη,∆η) is F -pure, where η is the
geometric generic point of Y .
(1) If p ∤ m and −(KX +∆+ f
∗D) is nef, then −(KY +D) is pseudo-effective.
(2) If −(KX +∆+ f ∗D) is ample, then −(KY +D) is big.
(3) If (Xη,∆η) is strongly F -regular and −(KX +∆+ f ∗D) is nef and big, then
−(KY +D) is big.
Theorem 1.2 is a generalization of [18, Corollary 2.9] and [5, Corollary 3.15] in
positive characteristic. We can also recover [18, Corollary 2.9] in characteristic zero
from Theorem 1.2 by standard reduction to characteristic p techniques. Our proof
relies on a study of the positivity of direct image sheaves for f in terms of the
Grothendieck trace of the relative Frobenius morphism. This is completely different
from the proof of Kolla´r, Miyaoka and Mori which relies on a detailed study of
rational curves on varieties. Theorem 1.3 should be compared with [26, Lemma 2.8]
and [2, Main Theorem].
The following two theorems are direct consequences of Theorems 1.2 and 1.3.
Theorem 1.4 (Corollary 4.11). Assume that (Xη,∆η) is F -pure, where η is the
geometric generic point of Y . If p ∤ m and KX + ∆ is numerically equivalent to
f ∗(KY + L) for some Q-divisor L on Y , then L is pseudo-effective.
Theorem 1.5 (Corollary 4.14). Assume that f is flat, that every closed fiber is
F -pure, and that the geometric generic fiber is strongly F -regular. If X is a weak
Fano variety, that is, −KX is nef and big, then so is Y .
Theorem 1.5 is a positive characteristic counterpart of [7, Thorem 1.1].
For another application of Theorem 1.1, we return to the situation where k is of
arbitrary characteristic. Suppose that f : X → Y is a generically smooth surjective
morphism between smooth projective varieties over an algebraically closed field of
arbitrary characteristic and in addition that the dimension of Y is positive.
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Theorem 1.6 (Corollary 4.15 and Theorem 5.5). −KX/Y is not nef and big.
Theorem 1.7 (Corollary 4.16 and Theorem 5.6). Assume that ω−mXη is globally gen-
erated for an integer m > 0, where η be the geometric generic point of Y . Then
f∗ω
−m
X/Y is not big in the sense of Definition 3.1.
In both of the theorems, the characteristic zero case is proved by reduction to
positive characteristic. Theorem 1.6 improves a result of Kolla´r, Miyaoka and Mori
[18, Corollary 2.8] which states that −KX/Y is not ample. Theorem 1.7 includes a
result of Miyaoka [21, COROLLARY 2’] which states that if ω−1X/Y is f -ample and
ω−mX/Y is f -free for an integer m > 0, then f∗ω
−m
X/Y is not an ample vector bundle.
1.1. Notation. Let k be a field. A k-scheme is a separated scheme of finite type
over k. A variety means an integral k-scheme. Let ϕ : S → T be a morphism of
k-schemes and let T ′ be a T -scheme. Then we denote by ST ′ and ϕT ′ : ST ′ → T ′
respectively the fiber product S×T T ′ and its second projection. For a Cartier or Q-
Cartier divisor D on S (resp. an OS-module G), the pullback of D (resp. G) to ST ′ is
denoted byDT ′ (resp. GT ′) if it is well-defined. Similarly, for a homomorphism ofOS-
modules α : F → G, the pullback of α to ST ′ is denoted by αT ′ : FT ′ → GT ′. Assume
that the characteristic of k is positive. k is said to be F -finite if the field extension
k/kp is finite. For a k-scheme X , FX : X → X is the absolute Frobenius morphism.
We often denote the source of F eX by X
e. Let f : X → Y be a morphism between
schemes of positive characteristic. The same morphism is denoted by f (e) : Xe → Y e
when we regard X (resp. Y ) as Xe (resp. Y e). We define the e-th relative Frobenius
morphism of f to be the morphism F
(e)
X/Y := (F
e
X , f
(e)) : Xe → X ×Y Y e =: XY e .
For a prime p ∈ Z, Z(p) denotes the localization of Z at (p) = pZ.
Acknowledgments. The author is greatly indebted to his supervisor Professor Shunsuke
Takagi for suggesting the problems in this paper and for much valuable advice. He wishes
to express his gratitude to Professor Yoshinori Gongyo for fruitful conversations and for
showing him the proof of Corollary 4.14 (2). He is grateful to Professors Zsolt Patakfalvi
and Hiromu Tanaka for suggesting improvements of results in this paper. He would like to
thank Professors Caucher Birkar, Yifei Chen and Osamu Fujino for stimulating discussions
and helpful comments. He also would like to thank Professor Akiyoshi Sannai, and Doctors
Takeru Fukuoka, Akihiro Kanemitsu, Eleonora Anna Romano, Kenta Sato, Antoine Song
and Fumiaki Suzuki for useful comments. He was supported by JSPS KAKENHI Grant
Number 15J09117 and the Program for Leading Graduate Schools, MEXT, Japan.
2. Trace maps of relative Frobenius morphisms
In this section, we work over an F -finite field k. Let f : X → Y be a morphism
from a pure dimensional Gorenstein k-scheme X to a regular variety Y . Let KX
be a Cartier divisor such that OX(KX) is isomorphic to the dualizing sheaf ωX of
X . Set KX/Y := KX − f
∗KY . For each d, e > 0 we define some notation by the
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following commutative diagram.
Xde

F
(d(e−i))
Xdi/Y di

F
(de)
X/Y

f(de)

...

. . .
F dX
##●
●
●
●
●
●
●
●
●
●
XdiY de

F
(di)
X
Y d(e−i)
/Y d(e−i)
xx
f
(di)
Y de
uu
· · · // X2d
F dX
##●
●
●
●
●
●
●
●
●
●
●
●
F
(d)
Xd/Y d
...

· · · // XdY 2d
//
F
(d)
X
Y d
/Y d

Xd
F dX
""❊
❊
❊
❊
❊
❊
❊
❊
❊
❊
❊
F
(d)
X/Y

XY de

· · · // XY 2d //
f
Y 2d

XY d
(F dY )X
//
f
Y d

X
f

Y de · · ·
F dY
// Y 2d
F dY
// Y d
F dY
// Y
Since FY is flat, every horizontal morphism in the diagram is a Gorenstein morphism,
and thus every object in the diagram is a pure dimensional Gorenstein k-scheme.
We denote by Tr
F
(1)
X/Y
: F
(1)
X/Y ∗
ωX1 → ωXY 1 the morphism obtained by applying the
functor H omOX
Y 1
( , ωXY 1 ) to the natural morphism F
(1)
X/Y
#
: OXY 1 → F
(1)
X/Y ∗
OX1 .
For each e > 0 we define
φ
(1)
X/Y := TrF (1)
X/Y
⊗OXY 1 (−KXY 1 ) : F
(1)
X/Y ∗
OX1((1− p)KX1/Y 1)→ OXY 1 , and
φ
(e+1)
X/Y :=
(
φ
(e)
X/Y
)
Y e+1
◦ F (e)XY 1/Y 1∗
(
φ
(1)
Xe/Y e ⊗OXeY e+1 ((1− p
e)KXe
Y e+1
/Y e+1)
)
: F
(e+1)
X/Y ∗
OX((1− p
e+1)KXe+1/Y e+1)→ OXY e+1 .
Let E be an effective Cartier divisor on X , let a > 0 be an integer not divisible
by p, and let d > 0 be the smallest integer satisfying a|(pd − 1). For each e > 0 we
define
L(de)(X/Y,E/a) := OXde((1− p
de)a−1(aKXde/Y de + E)) ⊆ OXde((1− p
de)KXde/Y de),
φ
(d)
(X/Y,E/a) : F
(d)
X/Y ∗
L(d)(X/Y,E/a) → F
(d)
X/Y ∗
OXd((1− p
d)KXd/Y d)
φ
(d)
X/Y
−−−→ OX
Y d
, and
φ
(d(e+1))
(X/Y,E/a) :=
(
φ
(de)
(X/Y,E/a)
)
Y de
◦ F (de)
X
Y d
/Y d∗
(
φ
(d)
(Xde/Y de,Ede/a)
⊗ (L(de)(X/Y,E/a))Y d(e+1)
)
: F
(d(e+1))
X/Y ∗
L(d(e+1))(X/Y,E/a) → OXY d(e+1) .
In order to generalize the definitions above, we recall the generalized divisors on
k-schemes. Let X be a k-scheme of pure dimension satisfying S2 and G1. An AC
divisor (or almost Cartier divisor) on X is a reflexive coherent OX-submodule of
the sheaf of total quotient rings of X which is invertible in codimension one (see
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[15, 20]). For an AC divisor D we denote the coherent sheaf defining D by OX(D).
The set of AC divisors WSh(X) has a structure of additive group [15, Corollary
2.6]. A Z(p)-AC divisor is an element of WSh(X)⊗Z Z(p). An AC divisor D is said
to be effective if OX ⊆ OX(D), and a Z(p)-AC divisor ∆ is said to be effective if
∆ = D ⊗ r for an effective AC divisor D and some 0 ≤ r ∈ Z(p).
Let f : X → Y be a morphism from a pure dimensional k-scheme X to a regular
variety Y . Assume that X satisfies S2 and G1. Let E be an effective AC divisor on
X , let a > 0 be an integer not divisible by p, and let d > 0 be the smallest integer
satisfying a|(pd − 1). Then for each e > 0 we define
L(de)(X/Y,E/a) := ιY de∗L
(de)
(U/Y,E|U/a)
, and
φ
(de)
(X/Y,E/a) := ιY de∗(φ
(de)
(U/Y,E|U/a)
) : F
(de)
X/Y ∗
L(de)(X/Y,E/a) → OXY de ,
where ι : U →֒ X is a Gorenstein open subset of X such that codimX(X \ U) ≥ 2
and that E|U is a Cartier divisor on U . If X is normal, then for each e > 0 such that
E := (pe− 1)∆ is integral, we denote L(e)(X/Y,E/pe−1) and φ
(e)
(X/Y,E/pe−1) respectively by
L(e)(X/Y,∆) and φ
(e)
(X/Y,∆).
Next we introduce singularities of pairs defined by the Grothendieck trace map of
the Frobenius morphism.
Definition 2.1. Assume that k is perfect. Let X be a k-scheme of pure dimension
satisfying S2 and G1, and let ∆ be an effective Q-AC divisor on X . Set Y := Spec k.
(1) The pair (X,∆) is said to be F -pure if for every e > 0 and for every effective
AC divisor E with E ≤ (pe − 1)∆, the morphism
φ
(e)
(X/Y,E/(pe−1)) : F
(e)
X/Y ∗
OX((1− p
e)KX −E)→ OXY e
is surjective. We simply say that X is F -pure if (X, 0) is F -pure.
(2) [28, Definition 3.1] Assume that X is a normal variety. The pair (X,∆) is said
to be strongly F -regular if for every effective Cartier divisor D, there exists an e > 0
such that
φ
(e)
(X/Y,⌈(pe−1)∆⌉+D/pe−1) : F
(e)
X/Y ∗
OX(⌊(1− p
e)(KX +∆)⌋ −D)→ OXY e
is surjective. Here ⌈∆⌉ (resp. ⌊∆⌋) denotes the round up (resp. down) of ∆. We
simply say that X is strongly F -regular if (X, 0) is strongly F -regular.
Remark 2.2. (1) Usually, the F -purity of X is defined by using the absolute Frobe-
nius morphism FX of X . In the above definition, by the assumption of the perfect-
ness of k, we can use the relative Frobenius morphism of the structure morphism
X → Spec k instead of FX .
(2) With the notation as in Definition 2.1, we assume that X is normal and
affine. Then Definition 2.1 (1) is equivalent to [13, Definition 2.1] (2). In-
deed, since ⌊(pe − 1)∆⌋ ≤ (pe − 1)∆, the condition of Definition 2.1 implies that
φ
(e)
(X/Y,⌊(pe−1)∆⌋/(pe−1)) is surjective. Conversely, since φ
(e)
(X/Y,⌊(pe−1)∆⌋/(pe−1)) factors
through φ
(e)
(X/Y,E/(pe−1)) for every effective Weil divisor E with E ≤ ⌊(p
e − 1)∆⌋
(or equivalently E ≤ (pe − 1)∆), the surjectivity of φ(e)(X/Y,⌊(pe−1)∆⌋/(pe−1) implies the
condition of Definition 2.1.
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(3) Let (X,∆) be a strongly F -regular pair, and let ∆′ be an effective Q-divisor
on X . Then there exists an 0 < ε ∈ Q such that (X,∆ + ε∆′) is again strongly
F -regular.
Lemma 2.3. Let f : X → Y be a projective morphism from a pure dimensional
k-scheme X satisfying S2 and G1 to a variety Y . Let V ⊆ Y be a regular open
subset such that fV : XV → V is flat. Let E be an effective AC divisor on X whose
support does not contain any component of any fiber over V , and let a > 0 be an
integer not divisible by p. Set ∆ := E ⊗ a−1. Assume that aKXV + EV is a Cartier
divisor on XV and that there exists a Gorenstein open subset U ⊆ X such that
codimXy(Xy \ Uy) ≥ 2 for every y ∈ V . Then the following holds.
(1) [25, Corollary 3.31] The set V0 := {y ∈ V |(Xy,∆|Uy) is F -pure} is an open
subset of V . Here y := Spec k(y) and ∆|Uy is the Z(p)-AC divisor on Xy obtained
as the unique extension of the Z(p)-Cartier divisor ∆|Uy on Uy.
(2) Assume that V0 is non-empty. Let A be a Cartier divisor on X such that AV0 is
fV0-ample. Then there exists an m0 > 0 such that
fY e∗(φ
(e)
(X/Y,E/a) ⊗OY e(mAY e +NY e)) :
f (e)∗OXe((1− p
e)a−1(aKXe/Y e + E) + p
e(mA+N))→ fY e∗OXY e (mAY e +NY e)
is surjective over V0 for each m ≥ m0, for every Cartier divisor N on X whose
restriction NV0 to XV0 is fV0-nef and for every e > 0 with a|(p
e − 1).
Proof. Replacing f : X → Y by fV : XV → V , we may assume that Y is regular
and f is flat. Take an integer e > 0 with a|(pe− 1) and a point y ∈ V . Then by [25,
Lemma 2.18] we get
φ
(e)
(X/Y,E/a)|Uy = φ
(e)
(U/Y,E|U/a)
|Uy
∼= φ
(e)
(Uy/y,E|Uy/a)
: F
(e)
Uy/y∗
L(e)(Uy/y,E|Uy/a)
→ OUye .
(2.3.1)
Let ιy : Uy → Xy be the open immersion, and E|Uy be the unique extension of E|Uy
to Xy. Since L
(e)
(X/Y,E/a) is invertible by the assumption, the natural morphism
L(e)(X/Y,E/a)|Xy → ιy∗L
(e)
(Uy/y,E|Uy/a)
(
=: L(e)
(Xy/y,E|Uy/a)
)
is an isomorphism. Hence, extending the morphism (2.3.1) to Xy, we obtain that
φ
(e)
(X/Y,E/a)|Xy
∼= φ
(e)
(Xy/y,E|Uy/a)
: F
(e)
Xy/y∗
L(e)
(Xy/y,E|Uy/a)
→ OXye .(2.3.2)
Then one can show (1) by an argument similar to the proof of [25, Corollary 3.31].
We prove (2). Replacing Y by V0, we may assume that V0 = V = Y . Then by
(2.3.2), we have that φ
(e)
(X/Y,E/a)|Xy is surjective for each e > 0 with a|(p
e − 1) and
every y ∈ Y , which implies that φ(e)(X/Y,E/a) is surjective for each e > 0 with a|(p
e−1).
Let d > 0 be the minimum integer such that a|(pd − 1). Note that we have d|e for
every integer e > 0 with a|(pe − 1). Applying Keeler’s relative Fujita vanishing [16,
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Theorem 1.5] to the kernel of φ
(d)
(X/Y,E/a), we obtain an integer m0 ≫ 0 such that
fY d∗
(
φ
(d)
(X/Y,E/a) ⊗ (OX(mA+N))Y d
)
(2.3.3)
is surjective for each m ≥ m0 and every f -nef Cartier divisor N on X . If necessary,
by replacing m0 by some larger integer we may assume that am0A− (aKX/Y + E)
is f -nef. We fix an integer m ≥ m0 and an f -nef divisor N on X . We show that
ψ(de) := fY de∗
(
φ
(de)
(X/Y,E/a) ⊗ (OX(mA+N))Y de
)
is surjective for every integer e > 0 by the induction on e. We have already seen that
ψ(d) is surjective. We assume that ψ(de) is surjective. By the definition of φ
(d(e+1))
(X/Y,E/a),
we have
ψ(d(e+1)) =fY d(e+1)∗
(
φ
(d(e+1))
(X/Y,E/a) ⊗ (OX(mA +N))Y d(e+1)
)
∼=F dY
∗
(
fY de∗
(
φ
(de)
(X/Y,E/a) ⊗ (OX(mA+N))Y de
))
◦ f (de)
Y d(e+1)∗
(
φ
(d)
(Xde/Y de,Ede/a)
⊗
(
L(de)(X/Y,E/a)(p
de(mA+N))
)
Y d(e+1)
)
∼=F dY
∗
(ψ(de)) ◦ f (de)
Y d(e+1)∗
(
φ
(d)
(Xde/Y de,Ede/a)
⊗
(
L(de)(X/Y,E/a)(p
de(mA+N))
)
Y d(e+1)
)
.
Since ψ(de) is surjective, F dY
∗
(ψ(de)) is also surjective. We need to show that the
morphism
f
(de)
Y d(e+1)∗
(
φ
(d)
(Xde/Y de,Ede/a)
⊗
(
L(de)(X/Y,E/a)(p
de(mA +N))
)
Y d(e+1)
)
(2.3.4)
is surjective. Here we recall that f (de) : Xde → Y de is nothing but f : X → Y . Let
Nde,m denote the Cartier divisor
(pde − 1)a−1(amA− (aKXd/Y d + E)) + p
deN
=(pde − 1)(m−m0)A+ (p
de − 1)a−1(am0A− (aKXd/Y d + E)) + p
deN
on Xd. Since am0A− (aKX/Y + E) is f -nef, Nde,m is f
(d)-nef. Now we can rewrite
(2.3.4) as
f
(de)
Y d(e+1)∗
(
φ
(d)
(Xde/Y de,Ede/a)
⊗
(
OXde((1− p
de)a−1(aKXde/Y de + E
de) + pde(mA+N))
)
Y d(e+1)
)
=fY d∗
(
φ
(d)
(X/Y,E/a) ⊗
(
OX((1− p
de)a−1(aKX/Y + E) + p
de(mA+N))
)
Y d
)
=fY d∗
(
φ
(d)
(X/Y,E/a) ⊗
(
OX(mA+ (p
de − 1)(mA− a−1(aKX/Y + E)) + p
deN)
)
Y d
)
=fY d∗
(
φ
(d)
(X/Y,E/a) ⊗ (OX(mA +Nde,m))Y d
)
.
Hence the required surjectivity follows from the surjectivity of (2.3.3). 
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3. Weak positivity over S and a numerical invariant
In this section, we define an invariant of coherent sheaves on normal varieties of
positive characteristic which measures positivity. This will play an important role
in the proof of the main theorem.
We first recall some definitions of the positivity of coherent sheaves on normal
varieties over an algebraically closed field k of arbitrary characteristic.
Definition 3.1. Let Y be a quasi-projective normal variety over a field k, let G be
a coherent sheaf on Y , and let H be an ample Cartier divisor. Let V ⊆ Y be the
largest open subset such that G|V is locally free, and let S be a non-empty subset
of V .
(i) G is said to be globally generated over S if the natural morphism H0(Y,G)⊗k
OY → G is surjective over S.
(ii) G is said to be weakly positive over S if for every integer a > 0, there exists
an integer b > 0 such that (SabG)∗∗ ⊗ OY (bH) is globally generated over S.
Here Sab( ) and ( )∗∗ denote the ab-th symmetric product and the double
dual, respectively.
(iii) G is said to be big over S if there exists an integer a > 0 such that (SaG)(−H)
is weakly positive over S.
We simply say that G is globally generated (resp. weakly positive, big) over y when
S = {y} for a point y ∈ V . G is said to be generically globally generated if G is
globally generated over the generic point η of Y . G is said to be weakly positive
(resp. big) if it is weakly positive (resp. big) over η.
Remark 3.2. The notion of weak positivity is first introduced by Viehweg as a gen-
eralization of nefness of vector bundles, when S is an open subset [30]. In [17], [24]
and [6], (resp. [22]), this notion is also defined in the case when S = {η} (resp.
S = {y} for a point y ∈ Y ).
Remark 3.3. Let Y,G, S and H be as above.
(1) The above definition is independent of the choice of H (cf. [30, Lemma 2.14]).
(2) Let Y0 ⊆ Y be an open subset containing S such that codimY (Y \ Y0) ≥ 2 and
let i : Y0 → Y be the open immersion. Then we have
(SmG)∗∗(nH) ∼= i∗ (((S
mG)∗∗(nH))|Y0) ∼= i∗ ((S
m(G|Y0))
∗∗(nH|Y0))
for each integers m,n with m > 0. Therefore, we see that G is weakly positive (resp.
big) over S if and only if so is G|Y0 .
(3) The natural morphism G → G∗∗ induces the morphism (SmG)∗∗(nH) →
(SmG∗∗)∗∗(nH) for each integers m,n with n > 0, which is an isomorphism be-
cause of the normality of Y . In particular, G is weakly positive (resp. big) over S if
and only if so is G∗∗.
(4) Assume that G is a vector bundle and that Y is a smooth projective curve. Then
G is weakly positive (resp. big) over Y if and only if G is nef (resp. ample).
(5) Assume that G is a line bundle and that Y is projective. Then G is weakly
positive (resp. big) over the generic point η of Y if and only if G is pseudo-effective
(resp. big).
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Observation 3.4. (1) With the notation as Definition 3.1, we define
T ′S(G, H) :=


there exist a, b ∈ Z such that

ε ∈ Q ε = a/b, b > 0, and (SbG)∗∗(−aH) isglobally generated over S. , and
t′S(G, H) := supT
′
S(G, H).
We first prove that T ′S(G, H) is equal to Q∩ (−∞, t
′
S(G, H)) or Q∩ (−∞, t
′
S(G, H)].
By Remark 3.3 (3), we have T ′S(G, H) = T
′
S(G
∗∗, H). Furthermore, similarly to
Remark 3.3 (2), we see that T ′S(G, H) = T
′
S(G|V , H|V ), where V ⊆ Y is the maximum
open subset such that G|V is locally free. Hence we may assume that G is locally
free. If (SbG)(−aH) is globally generated over S for integers a, b with b > 0, then
(SbcG)(−acH) is also globally generated over S for every c > 0, because of the
natural morphism
Sc((SbG)(−aH))→ (SbcG)(−acH)
which is surjective over S. Then (SbcG)((−ac + d)H) is also globally generated
over S for every d > 0 such that dH is free. Hence we see that (ac − d)/(bc) =
a/b− d/(bc) ∈ T ′S(G, H), which proves our claim.
(2) Next, we show that G is weakly positive (resp. big) over S if and only if
t′S(G, H) ≥ 0 (resp > 0). By an argument similar to the above, we may assume that
G is locally free. The definition of the weak positivity of G over S is equivalent to
that −1/a ∈ T ′S(G, H) for all a > 0, which is also equivalent to t
′
S(G, H) ≥ 0 because
of (1). If G is big, then there exists an integer c > 0 such that (ScG)(−H) is weakly
positive. Then for an a > 0 there exists a b≫ 0 such that (Sab(ScG))(−abH + aH)
is globally generated over S, and so is (SabcG)(a(1 − b)H) as the argument in (1).
Hence t′S(G, H) ≥ (ab − a)/(abc) = 1/c − 1/(bc) > 0. Conversely, if t
′
S(G, H) > 0
then by (1) we have integers a, b > 0 such that (SbG)(−aH) is globally generated
over S, and hence G is big.
(3) For a line bundle L on Y and an integer m > 0, it is easily seen that
t′S(L
m, H) = mt′S(L, H). Hence we see that L is weakly positive over S if and
only if so is Lm.
By Observation 3.4 (3), we can define the weak positivity of a Q-Cartier divisor.
Definition 3.5. With the notation as Definition 3.1, let D be a Q-Cartier divisor
on Y and m > 0 be an integer such that mD is Cartier. Then D is said to be weakly
positive (resp. big) over S if so is OX(mD).
Note that this definition is independent of the choice of m by Observation 3.4 (3).
In the rest of this section, we suppose that the characteristic of the base field k is
positive.
Definition 3.6. Let Y,G, S be as in Definition 3.1, and assume that the character-
istic of k is p > 0. Let D be a Q-Cartier divisor. Then we define
TS(G, D) :=


there exists an e > 0 such that

ε ∈ Q peεD is Cartier and (F eY ∗G)(−peεD) isglobally generated over S. , and
tS(G, D) := supTS(G, D) ∈ R ∪ {−∞,+∞}.
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Lemma 3.7. Under the same assumption as the above, let F be a coherent sheaf
on Y .
(1) If there exists a morphism F → G such that it is surjective over S, then
tS(F , D) ≤ tS(G, D).
(2) Assume that {tS(F , D), tS(G, D)} 6= {−∞,+∞}. Then
tS(F , D) + tS(G, D) ≤ tS(F ⊗ G, D).
(3) For each e > 0, tS(F
e
Y
∗G, D) = petS(G, D).
(4) If the rank of G is positive, and if tS(G, D) = +∞, then −D is weakly positive
over S.
Proof. (1)–(3) follow directly from the definition. We prove (4). Recall that for
every y ∈ S, the stalk Gy of G at y is free of positive rank. From this we see that
the natural morphism G∗ ⊗ G → OY is surjective over S. Furthermore, there is an
ample Cartier divisor H such that G∗(H) is globally generated, and thus we have a
surjective morphism O⊕hY → G
∗(H) for some h > 0. Hence we get a morphism
G⊕h → G∗ ⊗ G(H)→ OY (H)
which is surjective over S. By (1) we have tS(OY (H), D) = +∞, and thus there
exists a sequence {εn > 0}n≥1 of elements of TS(OY (H), D) such that εn
n→+∞
−−−−→ +∞.
By the definition of tS(OY (H), D), for every n ≥ 1 there exists e ≥ 1
(F eY
∗OY (H))(−εnp
eD) ∼= OY (p
e(H − εnD))
is globally generated over S. Set G := OY (−bD) for an integer b > 0 such that bD
is Cartier. Then for an integer ln > 0 such that εnlnp
e is an integer,
(Sεnlnp
e
G)∗∗ ⊗OY (blnp
eH) ∼= OY (εnlnp
e(−bD) + blnp
eH) ∼= Sbln(OY (p
e(H − εnD)))
is also globally generated over S. Using the notation of Observation 3.4, we see that
(−blnpe)/(εnlnpe) = −b/εn ≤ t′S(OY (−bD), H), and so 0 ≤ t
′
S(OY (−bD), H). As
shown in Observation 3.4 (2), this implies that OY (−bD) is weakly positive over
S. 
4. Main theorem
The purpose of this section is to prove Theorems 4.5 and 4.6. First we prepare
three lemmas. The following lemma is used in the proof of Theorem 4.5.
Lemma 4.1. Let k be a field. Let f : X → Y be a surjective projective morphism
from a k-scheme X to a variety Y , let A be an f -ample Cartier divisor on X, and
let F be a coherent sheaf on X. Then there exists an integer m0 > 0 such that for
each integer m ≥ m0 and for every nef Cartier divisor N on X, f∗(F(mA+N)) is
locally free over V , where V ⊆ Y is an open subset such that FV is flat over V .
Proof. By Keeler’s relative Fujita vanishing ([16, Theorem 1.5]), there exists an
integer m0 > 0 such that
Rf i∗F(mA+N) = 0
for each m ≥ m0, for every nef Cartier divisor N on X and for each i > 0. Fix an
integer m ≥ m0 and a nef Cartier divisor N . For each i ≥ 0, we define the function
hi on V by hi(y) := dimk(y)H
0(Xy,F(mA + N)|Xy). Since dimXy ≤ dimX for
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every y ∈ V , we see that hi = 0 for each i > dimX . Let i ≥ 2 be an integer such
that hi = 0. By applying [14, Theorem III 12.11] to the morphism fV : XV → V
and F(mA +N)V , we obtain that hi−1 = 0. From this, we see that hi = 0 for each
i ≥ 1, and hence χ(F(mA + N)|Xy) = h
0(y) for every y ∈ V . Since the left hand
side is constant on V by [14, Theorem III 9.9] and its proof, h0 is also constant on
V . Applying [14, Corollary III 12.9], we obtain that f∗F(mA + N) is locally free
over V , which is our claim. 
Lemma 4.2. With the notation as in Lemma 4.1, assume that X and Y are projec-
tive and A is ample. Then there exists an integer m0 > 0 such that for each integer
m ≥ m0 and for every nef Cartier divisor N on X, f∗(F(mA + N)) is globally
generated.
Proof. Let H be an ample and free Cartier divisor on Y , and let m1 > 0 be an
integer such that m1A − dimY f ∗H is nef. By the Fujita vanishing ([9, Theorem
(1)], [10, Section 5]) and Keeler’s relative Fujita vanishing ([16, Theorem 1.5]), there
exists an integer m2 > 0 such that
H i(X,F(mA+N)) = 0 and Rif∗(F(mA+N)) = 0
for each m ≥ m2, for every nef Cartier divisor N on X and for each i > 0. Since
Rif∗(F(mA+N)) = 0, by the Leray spectral sequence, we have
H i(Y, (f∗(F((m+m1)A+N)))(−iH)) ∼= H
i(Y, f∗(F((m+m1)A− if
∗H +N)))
∼= H i(X,F(mA+m1A− if
∗H +N))
for each m ≥ m0 and for each i > 0. Since m1A−if ∗H+N is nef for 0 < i ≤ dimY ,
the right term vanishes. This implies that f∗(F((m + m1)A + N)) is 0-regular
with respect to H , and hence it is globally generated by the Castelnuovo-Mumford
regularity [19, Theorem 1.8.5]. Definingm0 := m1+m2, we obtain the assertion. 
The next lemma is a consequence of the relative Castelnuovo-Mumford regularity
[19, Example 1.8.24], and is used in the proof of Theorems 4.5 and 4.6.
Lemma 4.3. Let k, f , X, Y and F be as in Lemma 4.1. Let W ⊆ Y be an open
subset. Let L be a Cartier divisor on X.
(1) If LW is fW -free, then there exists an integer n0 > 0 such that for each
n ≥ n0 and each m > 0, the natural morphism
f∗OX(mL)⊗ f∗(F(nL))→ f∗(F((m+ n)L))
is surjective over W .
(2) If LW is fW -ample and fW -free, then there exists an integer n0 > 0 such
that for each n ≥ n0, for each m > 0 and for every Cartier divisor N on X
whose restriction NW to XW is fW -nef, the natural morphism
f∗OX(mL)⊗ f∗(F(nL+N))→ f∗(F((n+m)L+N))
is surjective over W .
Proof. Replacing f : X → Y by fW : XW → W , we may assume that W = Y . Set
L := OX(L). We first show that (2) implies (1). Indeed, since L is f -free, there
exist surjective projective morphisms g : X → Z and h : Z → Y with h ◦ g = f
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such that L ∼= g∗M for an h-ample and h-free line bundle M on Z. Then we have
the following commutative diagram of natural morphisms:
(h∗Mm)⊗ h∗((g∗F)⊗Mn) //

(h∗g∗g
∗Mm)⊗ h∗((g∗F)⊗Mn)
∼=
// h∗g∗Lm ⊗ h∗g∗(F ⊗ Ln)

h∗((g∗F)⊗Mm+n)
∼=
// h∗g∗(F ⊗ Lm+n)
Here the isomorphisms follow from the projection formula. The surjectivity of the
left vertical morphism induces that of the right vertical morphism. Hence we see
that it is enough to prove (2).
We show (2). We first prove the case m = 1. In this case, by Keeler’s relative
Fujita vanishing ([16, Theorem 1.5]), there exists an integer n0 > 0 such that for
each n ≥ n0 and every f -nef line bundle N on X , F ⊗ L
n ⊗ N is 0-regular with
respect to L and f , and hence the surjectivity follows from the relative Castelnuovo-
Mumford regularity [19, Example 1.8.24]. Next we show the case when m ≥ 2. In
this case, we have the following commutative diagram of natural morphisms:
(f∗L)⊗m ⊗ f∗(F ⊗ Ln ⊗N ) //

(f∗L)⊗m−1 ⊗ f∗(F ⊗ Ln+1 ⊗N ) // · · · // f∗(F ⊗ Lm+n ⊗N )
f∗Lm ⊗ f∗(F ⊗ Ln ⊗N ) // f∗(F ⊗ Lm+n ⊗N )
By the above argument, we see that the upper horizontal morphisms are surjective,
and hence so is the lower horizontal morphism, which is our claim. 
Notation 4.4. Let k be an F -finite field and f : X → Y be a surjective projective
morphism from a pure dimensional quasi-projective k-scheme X satisfying S2 and
G1 to a normal quasi-projective variety Y . Let a > 0 be an integer and E be an
effective AC-divisor on X such that aKX + E is Cartier. Set ∆ := E ⊗ a−1. Let
U ⊂ X be a Gorenstein open subset and let S ⊆ Y be a non-empty subset such
that the following conditions hold for every y ∈ S:
(i) Y is regular in a neighborhood of y and f is flat at every point in f−1(y).
(ii) codimXy(Xy \ Uy) ≥ 2.
(iii) The support of E does not contain any irreducible component of f−1(y).
(iv) (Xy,∆|Uy) is F -pure, where y := Spec k(y) and ∆|Uy is the Z(p)-AC divisor
on Xy obtained as the unique extension of the Z(p)-Cartier divisor ∆|Uy on
Uy.
Let D be a Q-Cartier divisor on Y .
In this setting, we show the following theorems.
Theorem 4.5. With the notation as in 4.4, assume that X is projective and KX+∆
is Q-Cartier.
(1) If p ∤ a and −(KX + ∆ + f ∗D) is nef, then −(KY + D) is weakly positive
over an open subset of Y containing S.
(2) If KX is Q-Cartier and −(KX +∆+ f ∗D) is ample, then −(KY +D) is big
over an open subset of Y containing S.
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Theorem 4.6. With the notation as in 4.4, let b > 0 be an integer such that bD is
Cartier. Set L := abKX + bE + af
∗(bD). Assume that the natural morphism
f ∗f∗OX(−L)→ OX(−L)
is surjective over f−1(S). If p ∤ a and f∗OX(−L) is globally generated over S, then
−(KY +D) is weakly positive over S.
Remark 4.7. In the case when X is a normal variety and S is the singleton {η} of
the generic point η of Y , the conditions (i)–(iii) above hold. However, the condition
(iv) does not necessarily hold even if X is smooth and ∆ = 0.
Proof of Theorem 4.5. First we show that (1) implies (2). By the assumption of (2),
∆ is Q-Cartier. Let m > 0 and c ≥ 0 be integers such that a = mpc and p ∤ m. Take
an integer e≫ 0. Set a′ := m(pe + 1), E ′ := pe−cE and ∆′ := (pe−cE)⊗ a′−1. Then
p ∤ a′, and E ′ satisfies the assumption (iii). Furthermore, ∆′ satisfies the assumption
(iv). Indeed, we have
∆−∆′ = a′E ⊗
1
aa′
− ape−cE ⊗
1
aa′
= (m(pe + 1)−mpcpe−c)E ⊗
1
aa′
= mE ⊗
1
aa′
=
m
a′
∆ =
1
pe + 1
∆ ≥ 0,
and hence ∆′y ≤ ∆y for every y ∈ S, which implies that (Xy,∆
′
y) is also F -pure for
every y ∈ S. Replacing e by a larger integer if necessary, we may assume that
−(KX +∆
′ + f ∗D) = −(KX +∆+ f
∗D)−
1
pe + 1
∆
is an ample Q-Cartier divisor. Then −(KX + ∆′ + f ∗(D′ + εH)) is nef for an
ample Cartier divisor H on Y and an ε ∈ Q with 0 < ε ≪ 1. By (1) we see that
−(KY +D + εH) is weakly positive over an open subset Y1 ⊆ Y containing S, and
hence −(KY +D) is big over Y1.
Next we show (1). The proof is divided into seven steps.
Step 1. In this step, we prove that we may assume that S is an open subset. In other
words, there exists an open subset S ′ ⊆ Y containing S such that the conditions
(i)–(iv) hold for every y ∈ S ′. Note that weak positivity over S ′ obviously implies
weak positivity over S. Set r := dimX − dimY . Let Y ′ be the subset of points
satisfying condition (i). Then Y ′ ⊆ Y is an open subset containing S, and Xy is an
S2 scheme of pure dimension r for every y ∈ Y ′. Since the function dim(X \ U)y
on Y is upper semicontinuous by Chevalley’s theorem ([12, Corollaire 13.1.5]), we
obtain that the function codimXy(Xy \ Uy) = r − dim ((X \ U)y) on Y
′ is lower
semicontinuous. Therefore the subset of points y in Y ′ with codimXy(Xy \Uy) ≥ 2 is
open, and contains S. By an argument similar to the above, we see that the subset
of points y in Y ′ with codimXy(Ey) ≥ 1 is open, and contains S. Hence, shrinking
Y ′ if necessarily, we may assume that every y ∈ Y ′ satisfies the conditions (i)–(iii).
Applying Lemma 2.3 (1) (set S ′ = V ), we obtain an open subset S ′ ⊆ Y ′ containing
S such that the conditions (i)–(iv) hold for every y ∈ S ′.
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Step 2. In this step we reduce the proof to a numerical condition. By Step 1, we
may assume that S ⊆ Y is open. Let A be an ample and free Cartier divisor on
X . By Lemma 4.2, we have an integer m′ > 0 such that f∗OX(mA) is globally
generated for each integer m ≥ m′. Let V denote the regular locus of Y . Note
that S ⊆ V by the assumption (i). By Lemma 4.1, we have an integer m′′ > 0
such that fV ∗OXV (N + mAV ) is locally free over S for each integer m ≥ m
′′ and
every Cartier divisor N on XV whose restriction NS to XS is fS-nef. Replacing A
by max{m′, m′′}A if necessary, we may assume that m′ = m′′ = 1. For simplicity,
we set
D′ := D +KY ,
G(l, m) := fV ∗OXV (la
−1(aKXV /V + EV ) +mAV ) and
t(l, m) := tS(G(l, m), D
′|V )
for every integers l, m with a|l. Then we have t(0, m) ≥ 0 for each m > 0 by the
global generation of f∗OX(mA). Furthermore, since −la−1(aKXV /V +EV )S is fS-nef
for each l ≥ 0 with a|l by the assumption, G(−l, m) is locally free over S for each
l ≥ 0 with a|l and m > 0. Our goal is to prove that t(0, m) = +∞ for an integer
m ≥ 0. If this is shown, then by Lemma 3.7 we obtain that −D′|V = −(KY +D)|V
is weakly positive over S. As mentioned in Remark 3.3 (2), this is equivalent to
the weak positivity of −(KY +D). In order to get a contradiction, we assume that
t(0, m) 6= +∞ for each integer m > 0. Then we have 0 ≤ t(0, m) ∈ R.
Step 3. Let d > 0 be an integer divisible by a such that dD and da−1(aKX + E)
is Cartier. Let ql and rl denote the quotient and the remainder of the division of
an integer l by d, respectively. In this step, we show that there exists an integer
m0 > 0 such that
dql ≤ t(−l, m)
for each m ≥ m0 and each l ≥ 0 with a|l. Since aKX + E is Cartier and S is
contained in the regular locus V of Y , we have that for each 0 ≤ r < d with a|r,
Mr := f
∗ω⊗rY (−ra
−1(aKX + E))
is invertible in a neighborhood of f−1(S). Hence we see that Mr is flat over Y at
every point of f−1(S) by the assumption (i). As shown in Lemmas 4.1 and 4.2, there
exists an integer m0 > 0 such that for every integer m ≥ m0, for every nef Cartier
divisor N on X and for each 0 ≤ r < d with a|r, f∗(Mr(N +mA)) is locally free
over S and globally generated over Y . Set L := −(dKX + da−1E + f ∗(dD)). Then
by the assumption of (1), L is a nef Cartier divisor on X . For each m ≥ m0 and
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each l ≥ 0 with a|l, we have the following isomorphisms:
(G(−l, m)) (−dqlD
′|V )
=
(
fV ∗OXV (−la
−1(aKXV /V + EV ) +mAV )
)
(−dqlD
′|V )
∼=
(
fV ∗OXV ((−rl − dql)a
−1(aKXV /V + EV ) +mAV )
)
(−ql(dD
′|V ))
∼=fV ∗OXV (−rla
−1(aKXV /V + EV )− ql(dKXV /V + da
−1EV + fV
∗(dD′|V )) +mAV )
∼=fV ∗OXV (−rla
−1(aKXV /V + EV )− ql(dKXV + da
−1EV + fV
∗(dD|V )) +mAV )
∼=fV ∗OXV (rlfV
∗KV − rla
−1(aKX + E)V − ql(dKX + da
−1E + f ∗(dD))V +mAV )
∼=fV ∗ ((Mrl|XV )(qlLV +mAV ))
∼= (f∗Mrl(qlL+mA)) |V
Here the isomorphisms in the forth and the last line follow from the projection
formula and the flatness of V → Y , respectively. Note that since a|l and a|d, we
have a|rl. By the choice of m0, we see that f∗(Mrl(qlL+mA)) is globally generated,
and hence so is (G(−l, m)) (−dqlD′|V ). This implies that dql ≤ t(−l, m).
Step 4. The assumption of the projectivity of X is used only in Steps 2 and 3.
Hence, replacing f : X → Y be fV : XV → V , we may assume that V = Y in the
steps below. Then
G(l, m) = f∗OX(la
−1(aKX/Y + E) +mA) and t(l, m) = tS(G(l, m), D
′)
for every integers l, m with a|l.
Step 5. In this step, we show that there exists an integer n0 > 0 such that
t(0, m) + t(−l, n) ≤ t(−l, m+ n)
for each n ≥ n0, each m > 0 and each l ≥ 0 with a|l. By Step 1 we may assume
that S ⊆ Y is open. By the choice of A, we have that AS is fS-ample and fS-free.
Applying Lemma 4.3 (2), there exists an integer n0 > 0 such that for each n ≥ n0,
each m > 0 and every Cartier divisor N on X whose restriction NS to XS is fS-nef,
fS∗OXS(mAS)⊗ fS∗OXS(NS + nAS)→ fS∗OXS(NS + (m+ n)AS)
is surjective. Since −(aKX/Y + E)S is an fS-nef Cartier divisor, it follows that for
each n ≥ n0 and each l ≥ 0 with a|l, the natural morphism
G(0, m)⊗ G(−l, n)→ G(−l, m+ n)
is surjective over S. Hence we obtain that
t(0, m) + t(−l, n) = tS(G(0, m), D
′) + tS(G(−l, n), D
′)
Lemma 3.7 (2)
≤ tS(G(0, m)⊗ G(−l, n), D
′)
Lemma 3.7 (1)
≤ tS(G(−l, m+ n), D
′) = t(−l, m+ n).
Here note that since t(0, m) 6= +∞,−∞ as mentioned in Step 2, we can use Lemma
3.7 (2).
Step 6. In this step, we prove that there exists an integer m1 > 0 such that
t(1− pe, mpe) ≤ pet(0, m)
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for each m ≥ m1 and each e ≥ 0 with a|(p
e − 1). Now we have the following
morphism:
fY e∗φ
(e)
(X/Y,E/a) ⊗OXY e (mAY e) : G(1− p
e, mpe)→ fY e∗OXY e (mAY e)
∼= F eY
∗G(0, m)
for each integers e,m ≥ 0 with a|(pe − 1). Here the isomorphism follows from the
flatness of F eY . Applying Lemma 2.3 (2), we see that there exists an integer m1 > 0
such that the morphism
(fS)Se∗
(
φ
(e)
(XS/S,ES/a)
⊗OXSe (mASe)
)
∼=
(
fY e∗φ
(e)
(X/Y,E/a) ⊗OXY e (mAY e)
)
|S
is surjective for each m ≥ m1 and each e ≥ 0 with a|(pe − 1). Therefore we obtain
that
t(1− pe, mpe) = tS(G(1− p
e, mpe), D′)
Lemma 3.7 (1)
≤ tS(F
e
Y
∗G(0, m), D′)
Lemma 3.7 (3)
= petS(G(0, m), D
′) = pet(0, m).
Step 7 (7). In this step, we obtain a contradiction. Fix an integer µ > 0 such that
m1µ ≥ max{m0, n0}. Then by Steps 5 and 6, we see that
(pe − µ)t(0, m1) + t(1− p
e, m1µ)
Step 5
≤ t(1− pe, m1p
e)
Step 6
≤ pet(0, m1)
for each e ≥ 0 with a|(pe−1) and pe ≥ µ. Therefore, we obtain that t(1−pe, m1µ) ≤
µt(0, m1). In particular, t(1 − p
e, m1µ) is bounded from above. However, as shown
in Step 3 we have dqpe−1 ≤ t(1− pe, m1µ), which implies that t(1− pe, m1µ) goes to
infinity as e goes to infinity. This is a contradiction.

Proof of Theorem 4.6. The strategy of the proof is very similar to the one of Theo-
rem 4.5 (1).
Step 1. In this step, we show that we may assume that Y is regular. Let V be the
regular locus of Y . Then we have S ⊆ V . As mentioned in Remark 3.3 (2), the
weak positivity of −(KY +D) is equivalent to the weak positivity of −(KY +D)|V .
Hence, replacing f : X → Y by fV : XV → V , we may assume that Y is regular.
Step 2. In this step, we show that we may assume that S ⊆ Y is open. As shown
in Step 1 of the proof of Theorem 4.5, there exists an open subset S ′ ⊆ Y containing
S such that the conditions (i)–(iv) hold for every y ∈ S ′. Let B ⊂ X and C ⊂ Y
be, respectively, the supports of the cokernels of the natural morphisms
f ∗f∗OX(−L)→ OX(−L) and H
0(X, f∗OX(−L))⊗OY → f∗OX(−L).
Then S ∩ f(B) = S ∩ C = ∅ by the assumption. Hence we may replace S by the
open subset S ′ \ (f(B) ∪ C).
Step 3. In this step we reduce the proof to a numerical condition. Let A′ be an
f -ample and f -free Cartier divisor on X . Let H be an ample and free Cartier divisor
on Y . We take an integer c > 0 and set A := A′ + cf ∗H . Applying Lemma 4.1 and
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Lemma 4.3 (2), there exists an integer n′ > 0 such that f∗OX(N + nA) is locally
free over S and the natural morphism
f∗OX(mA)⊗ f∗OX(N + nA)→ f∗OX(N + (m+ n)A)
is surjective over S for each n ≥ n′, each m > 0 and every Cartier divisor N whose
restriction NS to XS is fS-nef. Note that since the statement is local on Y , n
′ is
independent of the choice of c. Replacing A by n′A, we may assume that n′ = 1.
For simplicity, we set
D′ := D +KY ,
G(l, m) := f∗OX(la
−1(aKX/Y + E) +mA) and
t(l, m) := tS(G(l, m), D
′)
for every integers l, m with a|l. Note that since −la−1(aKX/Y + E)S is fS-nef for
each l ≥ 0 by the assumption, we see that G(−l, m) is locally free over S for each
l ≥ 0 with a|l andm > 0. Our goal is to prove that t(−l, m) = +∞ for some integers
l, m ≥ 0 with a|l. If this is shown, then the assertion follows from Lemma 3.7 (4).
Note that G(−l, m) is of positive rank, because of the fS-freeness of (−la
−1(aKX +
E) + mA)S. In order to get a contradiction, we assume that t(−l, m) 6= +∞ for
every integers l, m ≥ 0 with a|l.
Step 4. Set d := ab. Let ql and rl denote the quotient and the remainder of the
division of an integer l by d, respectively. In this step, we show that there exists an
l0 > 0 (independent of the choice of c) such that for each l ≥ l0 with a|l,
dql−l0 + t(−rl−l0 − l0, 1) ≤ t(−l, 1).
By the projection formula, we have
(G(−d, 0)) (−dD′) ∼= f∗OX(−b(aKX/Y + E)− dD
′) = f∗OX(−b(aKX + E + af
∗D)).
The right hand side is globally generated over S by the assumption, and hence so is
the left hand side. This implies that
d ≤ t(−d, 0)(4.6.1)
On the other hand, by the assumption, −b(aKX/Y + E)|XS = −LS + abfS
∗(D|Y +
KY )|S is fS-free. Applying Lemma 4.3 (1), we have an integer l0 > 0 such that for
each l ≥ l0, the natural morphism
f∗OX(−da
−1(aKX/Y + E))⊗f∗OX(−la
−1(aKX/Y + E) + A)
→ f∗OX(−(d+ l)a
−1(aKX/Y + E) + A)
is surjective over S. Note that since the statement is local on Y , l0 is independent
of the choice of c. Then by an argument similar to Step 5 of the proof of Theorem
4.5, we get
t(−d, 0) + t(−l, 1) ≤ t(−d− l, 1).(4.6.2)
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Consequently, we obtain
dql−l0 + t(−rl−l0 − l0, 1)
(4.6.1)
≤ ql−l0t(−d, 0) + t(−rl−l0 − l0, l)
(4.6.2)
≤ t(−dql−l0 − rl−l0 − l0, 1) = t(−l, 1).
Step 5. We show that for each m,n > 0 and l ≥ 0 with a|l,
t(0, m) + t(−l, n) ≤ t(−l, m+ n).
As mentioned in the previous step, −b(aKX/Y +E)|XS is fS-free, and so it is fS-nef.
By an argument similar to Step 5 of the proof of Theorem 4.5, we obtain the claimed
inequality.
Step 6. By the same argument as Step 6 of the proof of Theorem 4.5, we see that
there exists an m1 > 0 such that for each m ≥ m1 and each e ≥ 0 with a|(pe − 1),
t(1− pe, mpe) ≤ pet(0, m).
Step 7. In this step we obtain a contradiction. Let l0 be as in Step 4. Recall that
A := A′ + cf ∗H and l0 is independent of the choice of c. Replacing c by a larger
integer, we may assume that for each integer l with 0 ≤ l ≤ d(l0 + 1) and a|l,
G(l, 1) = f∗OX(la
−1(aKX/Y + E) + A
′ + cf ∗H) ∼=
(
f∗OX(la
−1(aKX/Y + E) + A
′)
)
(cH)
is globally generated, which implies that
0 ≤ t(−l, 1).(4.6.3)
Using the inequalities in the previous steps, we obtain that
(pe − 1)t(0, m1) + dqpe−1−l0
(4.6.3)
≤ (pe − 1)t(0, m1) + (m1 − 1)t(0, 1) + t(−rpe−1−l0 − l0, 1) + dqpe−1−l0
Step 4
≤ (pe − 1)t(0, m1) + (m1 − 1)t(0, 1) + t(1− p
e, 1)
Step 5
≤ (pe − 1)t(0, m1) + t(1− p
e, m1)
Step 5
≤ t(1− pe, m1p
e)
Step 6
≤ pet(0, m1).
for each e ≥ 0 with pe−1 ≥ l0 and a|(pe−1). Hence by the transposition we obtain
dqpe−1−l0 ≤ t(0, m1). Note that since 0 ≤ m1t(0, 1) ≤ t(0, m1) < +∞ by Step 5, we
have t(0, m1) ∈ R. However, dqpe−1−l0 goes to infinity as e goes to infinity, which is
a contradiction.

In the remaining part of this section, we give some corollaries of the above theo-
rems under the following situations:
Notation 4.8. Let f : X → Y be a surjective morphism between regular projective
varieties over an F -finite fields, and let ∆ be an effective Q-divisor on X such that
a∆ is integral. Let D be a Q-divisor on Y . Let η be the geometric generic point of
Y .
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Corollary 4.9. With the notation as in 4.8, assume that f is flat, that the support
of ∆ does not contain any component of any fiber, and that (Xy,∆y) is F -pure for
every point y ∈ Y .
(1) If p ∤ a and if −(KX +∆+ f ∗D) is nef, then so is −(KY +D).
(2) If −(KX +∆+ f ∗D) is ample, then so is −(KY +D).
Proof. This follows from Theorem 4.5 and Remark 3.3 immediately. 
The author learned the proof of Corollary 4.10 (3) below from professor Yoshinori
Gongyo.
Corollary 4.10. With the notation as in 4.8, assume that (Xη,∆η) is F -pure.
(1) If p ∤ a and if −(KX +∆+ f
∗D) is nef, then −(KY +D) is pseudo-effective.
(2) If −(KX +∆+ f ∗D) is ample, then −(KY +D) is big.
(3) If (Xη,∆η) is strongly F -regular and if −(KX + ∆ + f ∗D) is nef and big,
then −(KY +D) is big.
Proof. By remark 3.3, (1) and (2) of the corollary follow from (1) and (2) of Theorem
4.5, respectively. We prove (3). By Kodaira’s lemma, there exists aQ-divisor ∆′ ≥ ∆
on X such that −(KX+∆
′+f ∗D) is ample and (Xη,∆
′
η) is again strongly F -regular.
Hence (3) follows from (2). 
Corollary 4.11. With the notation as in 4.8, assume that (Xη,∆η) is F -pure. If
p ∤ a and if KX + ∆ is numerically equivalent to f
∗(KY + L) for a Q-divisor L on
Y , then L is pseudo-effective.
Proof. Set D := −(KY + L). Then KX +∆+ f ∗D is numerically trivial, and so it
is nef. Hence by Corollary 4.10 (1), we obtain the assertion. 
Remark 4.12. Assume that KX + ∆ ∼Q f ∗(KY + L) for a Q-divisor. It is known
that if (Xη,∆η) is globally F -split, then L is Q-linearly equivalent to an effective
Q-divisor on Y (see [4, Theorem B] or [6, Theorem 3.18]). However, (Xη,∆η) is not
necessary globally F -split even if Xη is a smooth curve and ∆ = 0. Incidentally,
Chen and Zhang proved that relative canonical divisors of elliptic fibrations are
Q-linearly equivalent to an effective Q-divisor on X [3, 3.2].
Remark 4.13. In the case when dim Y = 1, Corollary 4.11 follows from a result of
Patakfalvi [23, Theorem 1.6].
Corollary 4.14. With the notation as in 4.8, assume that f is flat and every geo-
metric fiber is F -pure.
(1) If X is a Fano variety, that is, −KX is ample, then so is Y .
(2) If the geometric generic fiber of f is strongly F -regular and if X is a weak
Fano variety, that is, −KX is nef and big, then so is Y .
Proof. This follows from Corollaries 4.9 (2) and 4.10 (3) by setting D = ∆ = 0. 
Corollary 4.15. With the notation as in 4.8, assume that Y is not a point.
(1) If (Xη,∆η) is F -pure, then −(KX/Y +∆) is not ample.
(2) If (Xη,∆η) is strongly F -regular, then −(KX/Y +∆) can not be both nef and
big.
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Proof. SetD := −KY . Then −(KX+∆+f
∗D) = −(KX/Y +∆). Since −(KY +D) =
0 is not big, the assertions follows from Corollary 4.10 (2) and (3). 
Corollary 4.16. With the notation as in 4.8, assume that OX(−m(KX +∆))|Xη is
globally generated for an m > 0 with a|m and that Y is not a point. If p ∤ a and if
(Xη,∆η) is F -pure, then f∗OX(−m(KX/Y +∆)) is not big.
Proof. Set G(n) := f∗OX(n(KX/Y + ∆)) for every n ∈ Z with a|n. Let H be an
ample and free divisor on Y . We show that the bigness of G(−m) induces the pseudo-
effectivity of −H , which contradicts to the assumption that Y is not a point. Recall
that the pseudo-effectivity of −H is equivalent to its weak positivity. Since G(−m)
is torsion free, there exists an open subset V ⊆ Y such that G(−m)|V is locally free
and codimY (Y \ V ) ≥ 2. As explained in Remark 3.3 (2), G(−m) (resp. −H) is
weakly positive if and only if so is G(−m)|V (resp. −H|V ). Replacing f : X → Y
by fV : XV → V , we may assume that G(−m) is locally free. (Here we lose the
projectivity of X and Y .) We assume that G(−m) is big. Then by Observation 3.4
(1) and (2), we see that (SlG(−m))(−H) is generically globally generated for some
l > 0. By the global generation of OX(−m(KX + ∆))|Xη and Lemma 4.3 (1), we
have an n0 > 0 such that the natural morphism
(SlG(−m))⊗n−n0 ⊗ G(−lmn0)→ G(−lmn)
is generically surjective for every n ≥ n0. Let n1 > 0 be an integer such
that (G(−lmn0))(n1H) is globally generated. Tensoring the above morphism with
OX((n0 + n1 − n)H), we have the generically surjective morphism(
(SlG(−m))(−H)
)⊗n−n0
⊗ (G(−lmn0))(n1H)→ (G(−lmn))((n0 + n1 − n)H).
From this we see that (G(−lmn))((n0 + n1 − n)H) is generically globall generated.
Since
(G(−lmn))((n0 + n1 − n)H) ∼= f∗OX(−lmn(KX/Y +∆) + f
∗(n0 + n1 − n)H)
∼= f∗OX(−lmn(KX/Y +∆+ f
∗Hn))
∼= f∗OX(−lmn(KX +∆+ f
∗(Hn −KY ))),
where Hn := (n − n0 − n1)(lmn)−1H , we can apply Theorem 4.6, and then we get
that −(KY + (Hn −KY )) = −Hn is weakly positive for every n ≥ n0. Hence −H is
weakly positive, which completes the proof. 
Remark 4.17. We cannot remove the assumption of F -purity of fibers in Corollaries
4.11 and 4.16. Indeed, there is a quasi-elliptic fibration g : S → C, that is, a
surjective morphism from a smooth projective surface S to a smooth projective
curve C whose general fibers are cuspidal curve of arithmetic genus one, such that
KS/C ∼Q g
∗L for a Q-divisor L on C with degL < 0 [27][32, Theorem 3.6]. Note
that cuspidal singularities are not F -pure [11].
5. Results in arbitrary characteristic
In this section we generalize some results in Section 4 to arbitrary characteristic
by the reduction to positive characteristic. In particular, we prove characteristic
zero counterparts of Corollaries 4.15 and 4.16 (Theorems 5.5 and 5.6). In the last of
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this section, we deal with morphisms which are special but not necessarily smooth,
and show that images of Fano varieties are again Fano varieties. First we recall
some classes of singularities in characteristic zero defined by reduction to positive
characteristic.
Definition 5.1. Let X be a normal variety over a field k of characteristic zero,
and ∆ be an effective Q-Weil divisor on X . Let (XR,∆R) be a model of (X,∆)
over a finitely generated Z-subalgebra R of k. (X,∆) is said to be of dense F -pure
type (resp. strongly F -regular type) if there exists a dense (resp. dense open) subset
S ⊆ Spec R such that (Xµ,∆µ) is F -pure (resp. strongly F -regular) for all closed
points µ ∈ S.
Remark 5.2. The above definition can be generalized in an obvious way to the case
where X is a finite disjoint union of varieties over k.
Theorem 5.3 ([29, Corollary 3.4]). Let X be a normal variety over a field of char-
acteristic zero, and let ∆ be an effective Q-Weil divisor on X such that KX +∆ is
Q-Cartier. Then (X,∆) is klt if and only if it is of strongly F -regular type.
Notation 5.4. Let f : X → Y be a surjective morphism between smooth projective
varieties over an algebraically closed field of characteristic zero, and ∆ be an effective
Q-divisor on X .
Theorem 5.5. With the notation as in 5.4, assume that Y is not a point. If
(Xy,∆y) is of dense F -pure type (resp. klt) for every general closed point y ∈ Y ,
then −(KX/Y + ∆) is not ample (resp. not nef and big). In particular, −KX/Y is
not nef and big.
Proof. Assume that (Xy,∆y) is of dense F -pure type for a general closed point
y ∈ Y . Let XR, ∆R, YR, yR and fR be respectively models of X , ∆, Y , y and f over
a finitely generated Z-algebra R. We may assume that (XR)yR is a model of Xy over
R. Then there exists a dense subset S ⊆ Spec R such that ((Xy)µ,∆µ) is F -pure
for every µ ∈ S. Note that (Xy)µ ∼= (Xµ)yµ and (∆y)µ = (∆µ)yµ . Thus by Corollary
4.15, we see that −(KXµ/Yµ+∆µ) is not ample. This implies that −(KX/Y +∆) is not
ample. Next, we assume that (Xy,∆y) is klt for every general closed point y ∈ Y .
If −(KX/Y +∆) is nef and big, then by Kodaira’s lemma, there exists ∆′ ≥ ∆ such
that (Xy,∆
′
y) is klt for a general closed point y ∈ Y and −(KX/Y + ∆
′) is ample.
However, by Theorem 5.3, (Xy,∆
′
y) is of dense F -pure type, which contradicts to
the above arguments. 
Theorem 5.6. With the notation as in 5.4, assume that Y is not a point and that
(Xy,∆y) is of dense F -pure type for a general closed point y ∈ Y . Let η be a
geometric generic point of Y . If OX(−m(KX/Y + ∆))|Xη is globally generated for
some m > 0 such that m∆ is integral, then f∗OX(−m(KX/Y +∆)) is not big.
Proof. Set G := f∗OX(−m(KX/Y + ∆)) and r := rank G. Since y ∈ Y is gen-
eral, f is flat at every point in f−1(y) and dimH0(Xy,−m(KXy + ∆y)) = r.
Let XR, ∆R, YR, yR and fR be respectively models of X , ∆, Y , y and f . By
replacing R if necessary, we may assume that fR∗OXR(−m(KXR/YR + ∆R)) and
(XR)yR are respectively models of G and Xy, and that for every µ ∈ Spec R,
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dimH0((Xµ)yµ ,−m(KXµ + ∆µ)yµ) = r. Hence by [14, Corollary 12.9], the natural
morphism
Gµ = fR∗OXR(−m(KXR/YR +∆R))|Yµ → fµ∗OXµ(−m(KXµ/Yµ +∆µ))
is surjective over yµ. Since fµ∗OXµ(−m(KXµ/Yµ + ∆µ)) is not big as shown in
Corollary 4.16, Gµ is also not big. Thus the lemma below completes the proof. 
Lemma 5.7. Let G be a torsion free coherent sheaf on a smooth projective variety
Y over an algebraically closed field of characteristic zero. Let YR and GR be models
of Y and G respectively over a finitely generated Z-algebra. If G is big, then there
exists a dense open subset S ⊆ Spec R such that Gµ is big for every µ ∈ S.
Proof. Let H be an ample and free divisor on Y . Replacing Y by its appropriate
open subset, we may assume that G is locally free. By Observation 3.4 (1) and (2),
we have an integer c > 0 such that (ScG)(−H) is generically globally generated. In
other words, there exists a generically surjective morphism ϕ :
⊕
OY (H) → ScG.
Let y ∈ Y be a general closed point. Then ϕ is surjective in a neighborhood of y.
Let ϕR, HR and yR be models of ϕ, H and y over R, respectively. By replacing R if
necessary, we may assume that ϕR is surjective over yR. Thus for every closed point
µ ∈ Spec R, the morphism ϕµ :
⊕
OXµ(Hµ) → S
cGµ obtained as the reduction of
ϕR is surjective over yµ. This implies that Gµ is big, since Hµ is ample. 
Kolla´r, Miyaoka and Mori [18, Corollary 2.9] (cf. [21, THEOREM 3]) proved that
images of Fano varieties under smooth morphisms are again Fano varieties. The next
theorem shows that the same statement holds when morphisms are not necessary
smooth.
Theorem 5.8. Let f : X → Y be a surjective morphism between smooth projective
varieties over an algebraically closed field k of any characteristic p ≥ 0, and let ∆
be an effective Q-divisor on X such that a∆ is integral for some 0 < a ∈ Z \ pZ.
Assume that for every closed point x ∈ X, there exist a neighborhood U ⊆ X (resp.
V ⊆ Y ) of x (resp. f(x)) and a commutative diagram
U
α
//
(fV )|U

Am
ϕ

Spec k[u1, . . . , um]
V
β
// An Spec k[v1, . . . , vn]
whose horizontal morphisms are e´tale, that the morphism ϕ is defined as
ϕ(a1, . . . , am) =

 ∏
0<i≤l1
ai,
∏
l1<i≤l2
ai, . . . ,
∏
ln−1<i≤ln
ai

 with 0 < l1 < · · · < ln ≤ m,
and that
∆|U = α
∗
( ∑
ln<i≤m
didiv(ui)
)
with dln+1, . . . , dm ∈ Z(p) ∩ [0, 1].
In this situation, if −(KX + ∆ + f ∗D) is ample for some Q-Cartier divisor D on
Y , then so is −(KY +D).
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Proof. When the characteristic of k is zero, one can easily check that the entire
setting can be reduced to characteristic p ≫ 0. Thus we only need to consider the
case when p > 0. Let x ∈ X be a closed point, and let U , V , α, β and ϕ be as above.
Set y := f(x), a := α(x) = (a1, . . . , am) ∈ Am and b := β(y) = (b1, . . . , bn) ∈ An.
Set u′i := ui − ai and v
′
j := vj − bj for each i and j. Then
ϕ∗v′j =
∏
lj−1<i≤lj
(u′i + ai)−
∏
lj−1<i≤lj
ai
for j = 1, . . . , n, where l0 := 0. Set g :=
∏
ln<i≤m
ui. It is easy to check
that the sequence ϕ∗v′1, . . . , ϕ
∗v′n, g is k[u1, . . . , um]-regular. In particular, Z :=
Z(ϕ∗v′1, . . . , ϕ
∗v′n) ⊆ A
m is equi-dimensional of dimension m − n. Note that Z is
the fiber of ϕ over b. Since e´tale morphisms are stable under base change, the mor-
phism αb : Ub → Z obtained by the restriction of α to the fibers over b is again
e´tale. Replacing V and U if necessary, we may assume that β−1(b) = {y}. Then
Uy ∼= Ub. This implies that every closed fiber of f is equi-dimensional, in particular
f is flat.
Claim. (Xy,∆y) is F -pure for every closed point y ∈ Y .
If this claim holds, then the theorem follows from Corollary 4.9, because by the
assumption the support of ∆ does not contain any component of any fiber. Since∑
ln<i≤m
didiv(ui) ≤ div(g), it suffice to show that the pair (Z, div(g)|Z) is F -pure
around a. Let ma be the maximal ideal of a. Then it is easily seen that
(ϕ∗v′1 · · ·ϕ
∗v′n)
q−1 · gq−1 /∈ m[q]
a
for every q = pe. Thus by [13, Corollary 2.7], the pair (Z, div(g)|Z) is F -pure, which
completes the proof. 
Example 5.9. When ∆ = 0, the assumptions of Theorem 5.8 hold for flat toric
morphisms with reduced closed fibers between smooth projective toric varieties over
algebraically closed fields.
Example 5.10. Let {e1, e2, e3} be the canonical basis of R3. For integers m,n ≥ 0,
we define vm,n := (1, m, n) ∈ R3. Let Σm,n be the fan consisting of all the faces of
the following cones:
< vm,n, e2, e2 + e3 >,< vm,n, e2 + e3, e3 >,
< vm,n,−e2, e3 >,< vm,n, e2,−e3 >,< vm,n,−e2,−e3 >,
< −e1, e2, e2 + e3 >,< −e1, e2 + e3, e3 >,
< −e1,−e2, e3 >,< −e1, e2,−e3 >,< −e1,−e2,−e3 > .
Let Xm,n be the smooth toric 3-fold corresponding to the fan Σm,n with respect to
the lattice Z3 ⊂ R3. Then Xm,n is a Fano variety if and only if m,n ∈ {0, 1}. The
projection R3 → R2 : (x, y, z) 7→ (x, y) induces a toric morphism f : Xm,n → Ym
from Xm,n to the Hirzebruch surface Ym := PP1(OP1 ⊕ OP1(m)). Set ∆ = 0. Then
one can check that f satisfies the assumptions of Theorem 5.8, but is not smooth.
Hence by Theorem 5.8, we see that Ym is a Del Pezzo surface if m = 0, 1. In fact, it
is well known that Ym is a Del Pezzo surface if and only if m = 0, 1.
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6. Questions
The first question is on a characteristic zero counterpart of Theorem 4.5. Let
f : X → Y be a flat surjective morphism between smooth projective varieties over
an algebraically closed field of characteristic zero. Since F -pure singularities are
considered to correspond to semi-log canonical singularities (cf. [20]), we assume
that every geometric fiber of f is semi-log canonical.
Question 6.1. Suppose that −KX is ample (resp. nef, nef and big). Is −KY also
ample (resp. nef, nef and big)?
The next question is on a generalization of Theorem 1.6. Let f : X → Y be a
generically smooth surjective morphism between smooth projective varieties over an
algebraically closed field. Assume that −KX/Y is nef. By Theorem 1.6, we see that
if the Iitaka-Kodaira dimension κ(X,−KX/Y ) of −KX/Y is equal to dimX , then
dim Y = 0. In other words, if κ(X,−KX/Y ) is the maximum, then dim Y is the
minimum. One can expect that this phenomenon is obtained as a consequence of a
more general phenomenon. The following inequality is one of the possibilities.
Question 6.2. Does the inequality κ(X,−KX/Y ) ≤ κ(Xη,−KXη) hold?
If the inequality holds, then the above phenomenon can be viewed as its conse-
quence. For instance, in characteristic zero, Question 6.2 is known in the case where
X = P(E) for a vector bundle E of rank r on Y and f is the natural projection. In
this case, if −KX/Y is nef, then the numerical dimension of −KX/Y is equal to r− 1
[22, 4.7. Corollary] (cf. [31]). Thus
κ(X,−KX/Y ) ≤ r − 1 = dimXη = κ(Xη,−KXη).
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